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Root systems of the complex reflection 
arrangements (𝒜 (G25)and 𝒜 (G26)) 

 

Abid A. Al-Ta,ai, Rabeaa G.A.AL-Aleyawee, AND Raghad Abdul –Rahman 
 

Abstract: In this paper we study the root systems of the complex reflection arrangements 𝒜 (G25)and  𝒜 (G26).Where we found coxeter 
graph and coxtere matrix through the derivation of the angles between the simple roots of the complex reflection groups G25 and G26. 
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——————————      —————————— 
1. Introduction 

     We review necessary definitions, notations and theorems of root 

systems.  Bourbaki [6] discussed the relationship between the 

reflection and the root system, and we discussed the same relationship 

with more explicate and clear way.In [8] Rabeaa found the lattices 

of  𝒜  (G25) 𝑎𝑛𝑑 𝒜 (G26)). In this paper we construct the simple root 

systems of GR25 Rand GR26R depending on the defining polynomial of the 

complex reflection arrangements of GR25R and GR26R also we find the angle 

between simple root system by using matlab and then we find coxeter 

matrix, coxeter graph.  

Throughout this paper V is a finite dimensional complex vector space. 

A hyperplane H in V is an affine subspace of dimension ℓ-1.A 

hyperplane arrangement 𝒜 = ( 𝒜, V ) is a finite set of hyperplanes in 

V. 

The arrangement is called centerless if ⋂H∈𝒜H = ∅, centered with 

center T (𝒜) if T (𝒜) = ⋂H∈𝒜H = ∅  If 𝒜 is centered, then coordinate 

may be chosen so that hyperplane contains the origin and hence 𝒜  is 

called central. A projective arrangement is a finite set of projective 

hyperplane in projective space.The product 

ℚ (𝒜)=ΠH∈ 𝒜 αH   (𝑤ℎ𝑒𝑟𝑒  αH 𝑖𝑠  𝑎 𝑙𝑖𝑛𝑒𝑎𝑟 𝑓𝑜𝑟𝑚 𝑎𝑛𝑑 𝐻 = ker αH ) 𝑖s 

called a defining polynomial of  𝒜.we agree that ℚ(∅ℓ) = 1 is the 

defining polynomial of   ∅ℓ, where  ∅ℓ is empty l-arrangement. A 

reflection on V is a linear transformation on V of finite order with exactly 

n-1 eigenvalues equal to 1. A reflection group G on V is a finite group 

generated by reflections on V. The group G is reducible if it is a direct 

product of two proper reflection subgroups and irreducible otherwise. A 

finite subgroup G of O (V) is generated by a set of reflections S will be 

called coxeter group. Take Φ to be a finite set of nonzero vectors in V 

satisfying:   (𝑅1)Φ  𝑠𝑝𝑎𝑛𝑠  𝑉   , (𝑅2) 𝑠α𝛷 = Φ  ∀ 𝛼 ∈ Φ. Then defined W 

to be the group generated by all reflections s𝛼 ,𝛼 ∈ Φ .Call Φ a root 

system with associated reflection group W.A root system Φ  is 

crystallographic if it satisfies the additional condition   2(𝛼,𝛽)
(𝛽,𝛽)

∈

𝐙 for all  𝛼,𝛽 ∈ Φ; (see Humphreys[3] ). 

Definition (2.1): [7, 9] 

      A finite simple graph Γ= (A, B) is an ordered pair consisting of the 

set A of vertices and the set B of edges with the following two 

conditions: 

1-  A is a finite set                                                

2-  B is a collection of 2-element subset of  A              

 The mapping AAB ×→Ψ :  is called an incidence map 

which maps an edge into a pair of vertices called end-vertices of the 

edge. 

Definition (2.2): [6] 

    Let V is a finite dimensional complex vector space, and
 

>=< jiija αα , . The matrix ( ija ) is called the cartan matrix 

of it's root system Φ. 

A generalized cartan matrix is a square matrix M= ( ija ) such that: 

1- For diagonal entries, ija =0.                2- For non-diagonal 

entries, ija ≤ 0.   

3- ija =0   iff jia =0.    Where      

j
jj

ji
ija αα

αα
αα

,  ,       
,
,

2 i><

><
=   are simple root 

Definition (2.3): [2]   

     A dynkin diagram for Φ  which is denoted by D RGR is a graph has 

vertices {𝑎1 , … ,𝑎𝑛} , between any two vertices; we place no edge, one 
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edge, two edges or three edges obtained by the following two 

methods: 

First method: θβηη αβα
24Cos=  

Two vertices connected by the αβηη βα  edges, an 

edge is drawn between each non- orthogonal pair of vectors such that:  

1- An undirected one edge if they make an angle of 
3

2π

radians. 

2- A directed two edge if they make an angle of 
4

3π
 radians.  

3- A directed three edge if they make an angle of 
6

5π
radians. 

Second method: Cartan matrix 

The generalized cartan matrices are equivalent to dynking 

diagrams. A multi-edged diagram corresponds to the non-diagonal 

cartan matrix elements - a12, - a21, with the number of edges drawn 

equal to max (-a21, -a12), and an arrow pointing towards non unity 

elements. 

 

Definition (2.4):  [6]  

Let V is a finite dimensional complex vector space 

(1) A coxeter system (W,S) is a pair consisting of group W 

together with  a finite subset S⊂W satisfying the 

following conditions : 

1- For s, 𝑠′∈S, let m(s, 𝑠′ ) be the order of s𝑠′ and let A be the 

set of pairs (𝑠, 𝑠′ ) such that m(𝑠, 𝑠′ ) is finite. 

2- The generating set S and the relations (𝑠𝑠′ )m(𝑠,𝑠′ ) = 1 for 

(𝑠, 𝑠′) in A form a presentation of the group W. 

 

(2) Let A be a set of vertices. A coxeter matrix of type A is 

a symmetric matrix M=�𝑚𝑖𝑗�𝑖𝑗∈𝐴whose entries are 

integers or +∞ and with 1,s on the diagonal such that all 

non-diagonal entries are greater than 1  

i.e.  𝑚𝑖𝑖=1  for i∈S   𝑚𝑖𝑗≥2              for i, j ∈S with i≠ j 

 

 

(3) A coxeter graph (Γ, ƒ) is a pair consisting of graph Γ 

together with a map ƒ from the set of edges of this 

graph to the set consisting of +∞ and the set of integers 

≥3. 

 A coxeter graph is associated to any coxeter matrix N of type A as 

follows: 

i. The graph Γ has set of vertices A and set of edges the 

set pairs {i, j} of elements of A. 

ii. Vertices i and j are connected iff mij≥ 3. 

iii. The map ƒ associates to the edge {i,j} the 

corresponding element mij of M. 

Proposition (2.5):  [5] 

If   𝛼𝑖 , 𝛼𝑗   ∈  ∆, then there is an integer mij≥ 1 such that   

 (𝛼𝑖, 𝛼𝑗)/|| 𝛼𝑖 || ||𝛼𝑗||   = - cos(π /mij), mij is the order 𝛼𝑖𝛼𝑗.

 

3. Main results 

 The complex Reflection      Group G25:  

Let V is a finite dimensional complex vector space 

     The defining polynomial of 𝒜 (𝐺25)is  ℚ (𝒜 (G25)) = xyz Π0≤i , j≤2 (x 

+ωi y + ωi z) . [7] 

The hyperplane arrangement of G25 [8] 

The hyperplanes of  𝒜 (𝐺25) where  𝐻𝑖 =  𝑘𝑒𝑟 𝛼𝐻𝑖  , 1≤ i≤12 are: 

 

H1 :  x=0 H2 : y =0 

H3 :  z =0 H4 : x + y+ z =0    

H5 :  x +y +ωz =0 H6 : x+y+ω2 z =0 

H7   :  x +ωy+z=0 H8 :x +ωy +ωz=0    

H9 : x +ωy + ω2 z=0 H10 : x +ω2 y +z =0 

H11 : x +ω2 y +ωz =0 H12 :x+ω2 y + ω2 z =0   

Table (1) the hyperplanes of  𝒜 (𝐺25) 
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Therefore the set S Φ(G25) is the simple root system for the group G25 

i.e. S Φ(G25) consists of:  

Therefore the set S Φ(G25) is the simple root system for the group G25 
i.e. 

 S Φ(G25) consists of: 

 

 

 

 

 

 

 

 

 

 

         Table (2) the simple root of G25 

 

 

 

 

 

 
F 1 F 2 F 3 F 4 F 5 F 6 F 7 F 8 F 9 F 10 F 11 F 12 

F1   90 90 60 60 60 60 60 60 60 60 60 
F2 90   90 60 60 60 105 105 105 105 105 105 
F3 90 90   60 105 105 60 105 105 60 105 105 
F4 60 60 60   60 60 60 90 90 60 90 90 
F5 60 60 105 60   60 90 60 90 90 60 90 
F6 60 60 105 60 60   90 90 60 90 90 60 
F7 60 105 60 60 90 90   60 60 60 90 90 
F8 60 105 105 90 60 90 60   60 90 60 90 
F9 60 105 105 90 90 60 60 60   90 90 60 
F10 60 105 60 60 90 90 60 90 90   60 60 
F11 60 105 105 90 60 90 90 60 90 60   60 
F12 60 105 105 90 90 60 90 90 60 60 60   

  
Table (3) the angle between  simple root of G25  

   

 

 

 

The Coxeter matrix of the complex group G25 is  

e1=(1,0, 0) e2=(0, 1, 0) 

e3= (0, 0, 1) e4= (1, 1, 1) 

e5= (1, 1, -0.5+0.8660i) e6= (1, 1, -0.5-0.8660i) 

e7= (1, -0.5+0.8660i ,1) e8= (1, -0.5+0.8660i, 

 -0.5+0.8660i) 

e9=(1, -0.5+0.8660i, 

 -0.5-0.8660i) 

e10=(1, -0.5-0.8660i, 1) 

e11= (1, -0.5-0.8660i , 

-0.5+0.8660i) 

e12 = (1, -0.5-0.8660i , 

-0.5-0.8660i) 
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⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
1 2 2 3 3 3 3 3 3 3 3 3
2 1 2 3 3 3 2.4 2.4 2.4 2.4 2.4 2.4
2 2 1 3 2.4 2.4 3 2.4 2.4 3 2.4 2.4
3 3 3 1 3 3 3 2 2 3 2 2
3 3 2.4 3 1 3 2 3 2 2 3 2
3 3 2.4 3 3 1 2 2 3 2 2 3
3 2.4 3 3 2 2 1 3 3 3 2 2
3 2.4 2.4 2 3 2 3 1 3 2 3 2
3 2.4 2.4 2 2 3 3 3 1 2 2 3
3 2.4 3 3 2 2 3 2 2 1 3 3
3 2.4 2.4 2 3 2 2 3 2 3 1 3
3 2.4 2.4 2 2 3 2 2 3 3 3 1 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 

3.3 The coxeter graph of the complex group G25 is denoted by  𝐂𝐆𝟐𝟓   

The cardinality of vertices is 12 

Root  Degree of 

root 

Root Degree of 

root 

e1 9 e7 7 

e2 9 e8 7 

e3 9 e9 7 

e4 7 e10 7 

e5 7 e11 7 

e6 7 e12 7 IJSER
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e1 
e8 e4 

e12 

e5 

e6 

e9 

e3 

e7 

e11 e10 
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 The complex Reflection Group G26: The defining 

polynomial of 𝒜 (𝐺26) is  

 ℚ( 𝒜 (𝐺26)) =xyz Π0≤i , j≤2(x+ωiy + ωiz) (x3 – y3 )(x3 – z3 )(y3 – z3 ) .[7]  

The hyperplane arrangement of G26 :The hyperplanes of  𝒜 (𝐺26) 

where  𝐻𝑖 =  𝑘𝑒𝑟  𝛼𝐻𝑖   1≤ i≤21 are: 

 

 

 

 

                                                                                                                        Table (4) the hyperplanes of  𝒜 (𝐺26) 

Therefore the set S Φ(G26) is the simple root system for the group G26 

i.e. S Φ(G26) consists of: 

 

 

 

 

 

 

 

 

 

 

 

H1 :  x=0 H2 : y =0 

H3 :  z =0 H4 : x + y+ z =0    

H5 :  x +y +ω z =0 H6 : x+y+ω2 z =0 

H7   :  x +ω y+z=0 H8 :x +ωy +ω z=0    

H9 : x +ωy + ω2 z=0 H10 : x +ω2 y +z =0 

H11 :x +ω2 y  +ω z =0 H12 :x+ω2 y + ω2 z =0 

H13 : x – y =0 H14 :x – z =0 

H15 : y – z =0 H16 :x – ω y =0 

H17 :x – ω2 y =0 H18 :x – ω z =0 

H19 :x – ω2 z =0 H20 :y – ω z =0 

H21 :y – ω2 z =0  

e1=(1, 0, 0) e2=(0, 1, 0) 

e3=(0, 0, 1) e4=(1, 1, 1) 

e5=(1, 1, -0.5+0.8660i) e6=(1, 1, -0.5-0.8660i) 

e7=(1, -0.5+0.8660i,1) e8=(1, -0.5+0.8660i ,-0.5+0.8660i) 

e9=(1, -0.5+0.8660i ,-0.5-0.8660i) e10=(1, -0.5-0.8660i, 1) 

e11=(1, -0.5-0.8660i, -0.5+0.8660i) e12=(1, -0.5-0.8660i, -0.5-0.8660i) 

e13=(1, -1,0) e14=(1, 0,-1) 

e15=(0, 1,-1) e16=(1,0.5-0.8660i, 0) 

eR17R=(1,0.5+0.86601, 0) eR18R=(1,0,0.5-0.8660i) 

eR19R=(1, 0, 0.5+0.8660i) eR20R=(0, 1, 0.5-0.8660i) 

eR21R=(0, 1, 0.5+0.8660i)  
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3.5 The Coxeter matrix of the complex group G26 is   

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
1 2 2 3 3 3 3 3 3 3 3 3 4 4 2 4 3 4 4 2 2
2 1 2 3 3 3 2.4 2.4 2.4 2.4 2.4 2.4 4 2 4 2.4 6 2 2 4 4
2 2 1 3 2.4 2.4 3 2.4 2.4 3 2.4 2.4 2 4 4 2 2 2.4 2.4 2.4 2.4
3 3 3 1 3 3 3 2 2 3 2 2 2 2 2 4 6 4 4 4 4
3 3 2.4 3 1 3 2 3 2 2 3 2 2 4 4 4 6 2 4 2 4
3 3 2.4 3 3 1 2 2 3 2 2 3 2 4 4 4 6 4 2 4 2
3 2.4 3 3 2 2 1 3 3 3 2 2 4 2 4 2 2 4 4 2 2
3 2.4 2.4 2 3 2 3 1 3 2 3 2 4 4 2 2 2 2 4 4 2
3 2.4 2.4 2 2 3 3 3 1 2 2 3 4 4 2 2 2 4 2 2 4
3 2.4 3 3 2 2 3 2 2 1 3 3 4 2 4 4 2 4 4 2 2
3 2.4 2.4 2 2 3 2 2 3 3 1 3 4 4 2 4 2 2 4 4 2
3 2.4 2.4 2 2 3 2 2 3 3 3 1 4 4 2 4 2 4 2 2 4
4 4 2 2 2 2 4 4 4 4 4 4 1 3 3 2.4 2.4 3 3 3 3
4 2 4 2 4 4 2 4 4 2 4 4 3 1 3 3 3 2.4 2.4 2.4 2.4
2 4 4 2 4 4 4 2 2 4 2 2 3 3 1 2.4 3 2.4 2.4 2.4 2.4
4 2.4 2 4 4 4 2 2 2 4 4 4 2.4 3 2.4 1 4 3 3 2.4 2.4
3 6 2 6 6 6 2 2 2 2 2 2 2.4 3 3 4 1 3 3 3 3
4 2 2.4 4 2 4 4 2 4 4 2 4 3 2.4 2.4 3 3 1 2.4 3 2.4
4 2 2.4 4 4 2 4 4 2 4 4 2 3 2.4 2.4 3 3 2.4 1 2.4 3
2 4 2.4 4 2 4 2 4 2 2 4 2 3 2.4 2.4 2.4 3 3 2.4 1 2.4
2 4 2.4 4 4 2 2 2 4 2 2 4 3 2.4 2.4 2.4 3 2.4 3 2.4 1 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 

3.6 The coxeter graph of the complex group G26 is     denoted by  
𝐂𝐆𝟐𝟔 the 

Cardinality of vertices is 21  

             

 

 

 

 

 

 
F 1 F 2 F 3 F 4 F 5 F 6 F 7 F 8 F 9 F 10 F 11 F 12 F 13 F 14 F 15 F 16 F 17 F 18 F 19 F 20 F 21 

  F1   90 90 60 60 60 60 60 60 60 60 60 45 45 90 45 60 45 45 90 90   
 F2 90   90 60 60 60 105 105 105 105 105 105 135 90 45 75 30 90 90 45 45   
 F3 90 90   60 105 105 60 105 105 60 105 105 90 135 135 90 90 75 75 75 75 

  F4 60 60 60   60 60 60 90 90 60 90 90 90 90 90 45 30 45 45 45 45 
  F5 60 60 105 60   60 90 60 90 90 60 90 90 45 45 45 30 90 45 90 45 
  F6 60 60 105 60 60   90 90 60 90 90 60 90 45 45 45 30 45 90 45 90 
  F7 60 105 60 60 90 90   60 60 60 90 90 45 90 135 90 90 45 45 90 90 
  F8 60 105 105 90 60 90 60   60 90 60 90 45 45 90 90 90 90 45 135 90 
  F9 60 105 105 90 90 60 60 60   90 90 60 45 45 90 90 90 45 90 90 135 
  F10 60 105 60 60 90 90 60 90 90   60 60 45 90 135 45 90 45 45 90 90 
  F11 60 105 105 90 60 90 90 60 90 60   60 45 45 90 45 90 90 45 135 90 
  F12 60 105 105 90 90 60 90 90 60 60 60   45 45 90 45 90 45 90 90 135 
  F13 45 135 90 90 90 90 45 45 45 45 45 45   60 120 75 105 60 60 120 120 
  F14 45 90 135 90 45 45 90 45 45 90 45 45 60   60 60 60 75 75 105 105 
  F15 90 45 135 90 45 45 135 90 90 135 90 90 120 60   75 60 105 105 75 75 
  F16 45 75 90 45 45 45 90 90 90 45 45 45 75 60 75   45 60 60 75 75 
  F17 60 30 90 30 30 30 90 90 90 90 90 90 105 60 60 45   60 60 60 60 
  F18 45 90 75 45 90 45 45 90 45 45 90 45 60 75 105 60 60   75 60 105 
  F19 45 90 75 45 45 90 45 45 90 45 45 90 60 75 105 60 60 75   105 60 
  F20 90 45 75 45 90 45 90 135 90 90 135 90 120 105 75 75 60 60 105   75 
  F21 90 45 75 45 45 90 90 90 135 90 90 135 120 105 75 75 60 105 60 75   
  

   

 
 

 
Table (6) the angle between  simple root of G26 

           

Root Degree 
of root 

Root Degree 
of root 

Root Degree 
of root 

e1 15 e8 11 e15 14 

e2 15 e9 11 e16 16 

e3 15 e10 12 e17 13 

e4 13 e11 12 e18 16 

e5 13 e12 12 e19 17 

e6 13 e13 16 e20 14 

e7 11 e14 16 e21 14 
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e1 

e5 
e6 e2 

e3 

e4 

e19 e11 

e13 
 

e18 

e14 

e17 

e8 

e20 

e21 

e16 

e9 

e10 

 
e15 
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